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Exact uncertainty relations will be presented for various observables of a single-mode field, with several applications given.  These uncertainty relations hold as equalities for all pure states of the field, and hence strengthen (and imply) the corresponding Heisenberg-type inequalities.  

The approach relies on a natural decomposition of a given observable into “classical” and “nonclassical” components.  For example, noting that the conjugate quadratures X and P of the field are classically comeasurable, the classical component of P is defined as that observable comeasurable with X which provides the best possible estimate of P.   Given the classical component, Pcl, one has a corresponding operator decomposition P= Pcl + Pnc of P into classical and nonclassical components.  

The nonclassical component of a given observable neatly encapsulates its quantum features in a number of ways. In particular, for the above example one has the exact uncertainty relation

δX ΔPnc = 1/4
for all pure states, where δX is a measure of uncertainty from classical statistics called the Fisher length1.  This may be compared with the corresponding Heisenberg inequality ΔX ΔP≥1/4.  A similar exact uncertainty relation holds for the phase and photon number observables.  

1.  M.J.W. Hall, Phys. Rev. A 64 (2001) 052103.

